The cross section of the process e + e − → ηπ + π − is measured using the data collected with the CMD-3 detector at the VEPP-2000 collider in the center-of-mass energy range from 1.1 to 2.0 GeV. The decay mode η → γγ is used for η meson reconstruction in the data sample corresponding to an integrated luminosity of 78.3 pb −1 . The energy dependence of the e + e − → ηπ + π − cross section is fitted within the framework of vector meson dominance in order to extract the Γ(ρ(1450) → e + e − )B(ρ(1450) → ηπ + π − ) and the Γ(ρ(1700) → e + e − )B(ρ(1700) → ηπ + π − ) products. Based on conservation of vector current, the analysed data are used to test the relationship between the e + e − → ηπ + π − cross section and the spectral function in τ − → ηπ − π 0 ντ decay. The e + e − → ηπ + π − cross section measured with the CMD-3 detector is in good agreement with the previous measurements.
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I. INTRODUCTION We report on a study of the process e + e − → ηπ + π − with the CMD-3 detector at the VEPP-2000 e + e − collider, where η mesons are reconstructed using the decay mode η → γγ. In the previous experiments it has been shown that this isovector final state is mainly produced through the ηρ(770) intermediate mechanism [1, 2] . As a part of the total hadronic cross section, the cross section of the process e + e − → ηπ + π − is interesting for the calculations of the hadronic contribution to the muon anomalous magnetic moment [3] [4] [5] . The e + e − → ηπ + π − cross section data can be also used to study the properties of the ρ(1450) and ρ(1700) resonances, as well as to obtain the hadronic spectral function for the τ − → ηπ − π 0 ν τ decay and thus test conservation of vector current [6] .
The process e + e − → ηπ + π − was studied earlier in several experiments [1, 2, [7] [8] [9] [10] [11] [12] [13] . The most precise measurements of its cross section have been performed at the PEP-II B-factory by the BaBar Collaboration [12] .
FIG. 1:
The schematic view of the CMD-3 detector. (1) beam pipe, (2) drift chamber, (3) BGO endcap calorimeter, (4) Z-chamber, (5) superconducting solenoid, (6) liquid xenon calorimeter, (7) CsI barrel calorimeter, (8) iron yoke, (9) liquid He supply, (10) vacuum pumpdown, (11) VEPP-2000 superconducting magnetic lenses.
II. EXPERIMENT
The data sample has been collected with the CMD-3 detector at the VEPP-2000 e + e − collider [14] [15] [16] [17] [18] [19] in 2011, 2012 and 2017 experimental runs. In order to reach the design luminosity in the single-bunch mode, the collider operates using the round beam technique [20] . The VEPP-2000 operates in the center-of-mass (c.m.) energy range from 0.32 to 2.0 GeV. The beam energy is measured using a VEPP-2000 magnetic field in the 2011 and 2012 experimental runs [14, 15, 18, 19] , and with the back-scattering-laser-light system in the 2017 one [16, 17] . The accuracy of the beam energy measurements is about 3 MeV in 2011 and about 1 MeV in 2012, while in 2017 it is better than 0.1 MeV.
The general-purpose cryogenic magnetic detector CMD-3 has been described in detail elsewhere [21] . The schematic view of the CMD-3 detector is shown in Fig. 1 . The tracking system of the CMD-3 detector consists of a double-layer multiwire proportional Z-chamber [22] and a cylindrical drift chamber [23] with hexagonal cells, which volume is filled with the argon-isobutane gas mixture. Magnetic field of 1.3 T inside the tracking system is provided by the superconducting solenoid, which surrounds the drift and Z-chambers. The barrel electromagnetic calorimeter is situated outside of the superconducting solenoid and consists of two parts. The first part is the liquid xenon calorimeter (a thickness is 5.4X 0 , where X 0 is a radiation length), which allows photon coordinates to be measured with the accuracy of 1-2 mm [24] . The second part is the calorimeter composed of CsI(Tl) and CsI(Na) crystals (a thickness of 8.1X 0 ). This calorimeter consists of 8 octants and contains 1152 counters. The endcap calorimeter [25] consists of two identical endcaps, each containing 340 BGO crystals with a thickness of 13.4X 0 .
III. SIMULATION
The Monte Carlo (MC) simulation of the process e + e − → ηπ + π − has been performed separately at each e + e − energy corresponding to the collected experimental data. It takes into account the ηρ(770) intermediate state with the following matrix element:
where J is a lepton current, P π + , P π − , P η are four-momenta of π + , π − and η, respectively.
is the inverse propagator of the ρ(770), m ρ(770) and Γ ρ(770) are the mass and the width of the ρ(770), respectively, and Q π + π − = P π + + P π − is its four-momentum. To take into account the initial-state radiation according to works [26, 27] , the simulation is done in two iterations. In the first iteration, the cross section of the process e + e − → ηπ + π − measured with BaBar is used to simulate ISR photons, while in the second one the cross section measured with the CMD-3 obtained in the first iteration is employed for this purpose. For a simulation of various multihadronic backgrounds the MHG2000 generator specially developed for experiments at CMD-3 has been used [28] . The interactions of the generated particles with the detector and its response are implemented using the Geant4 toolkit [29] .
IV. EVENT SELECTION
To select e + e − → ηπ + π − event candidates, the following criteria are used. To begin with, events are selected with two oppositely charged particles originating from the beam interaction region. In addition, it is required that the selected events contain at least two photons with energies greater than 50 MeV to suppress background processes with low-energy photons. Also excluded are photons, which pass through the BGO crystals closest to the beam axis. For each selected event all photon pairs are considered and a kinematic fit is performed within the e + e − → π + π − γγ hypothesis using the constraints of energy-momentum conservation and requiring all particles to originate from a common vertex. The photons from the pair corresponding to the smallest chi-square of the kinematic fit, χ 2 π + π − γγ , are considered as candidates for the photons from the η → γγ decay. Only events with the fit quality χ 2 π + π − γγ < 30 are used to obtain two-photon invariant mass spectra, discussed in Sec. V. The same condition was imposed on the chi-square of the kinematic fit to obtain the distributions discussed in Sec. VI.
The χ 2 π + π − γγ distribution obtained using the whole e + e − → ηπ + π − data sample is shown in Fig. 2 To determine the ηπ + π − yield the two-photon invariant mass spectrum at each e + e − energy in the experimental data is fit with a sum of signal and background distributions. The shape of the background distribution has been described using a first-order polynomial. The shape of the signal distribution has been fixed from the e + e − → ηπ + π − MC simulation using a function, which is a linear combination of three Gaussian distributions. To take into account a difference in the two-photon mass resolution and the η-meson peak position between the data and MC, two additional parameters, ∆m and ∆σ 2 , are introduced. Here ∆m is the mass shift of the signal distribution as a whole and ∆σ 2 is the square of the two-photon mass resolution correction, which is added to the variance, σ 2 , of each Gaussian distribution from the signal function. The free parameters of the fit to the two-photon invariant mass spectrum are the number of signal events, the mass shift of the signal, the square of the two-photon mass resolution correction and background distribution parameters. The total number of the fitted e + e − → ηπ + π − events is 13426 ± 206. An example of the twophoton invariant mass spectrum for e + e − → ηπ + π − event candidates at √ s = 1.5 GeV is shown in Fig. 3 . The e + e − → ηπ + π − event yields for different c.m. energy points are listed in Table I . No excess of signal events over background is observed at c.m. energies below 1.24 GeV.
The main background source for the studied process is that with four final pions, e + e − → π + π − π 0 π 0 . Events of this process are partially suppressed by selection criteria and do not have a peak at the η-meson mass. The sources of the peaking background, the processes e + e − → ηK + K − and e + e − → ηπ + π − π 0 , are strongly suppressed by selection criteria. The contributions of these processes have been estimated using MC simulation and corresponding cross sections measured in Ref. [10] and Ref. [30] , respectively. The contribution of each process is found to be less than 0.1% and neglected.
VI. INTERNAL STRUCTURE OF THE ηπ
+ π
−
The π + π − invariant mass spectra for the whole e + e − → ηπ + π − data sample and simulated e + e − → ηπ + π − events have been obtained as a difference between the π + π − mass spectrum with 500 MeV < m γγ < 600 MeV and the spectrum for events from sidebands (400 MeV < m γγ < 470 MeV and 630 MeV < m γγ < 700 MeV) divided by a normalization factor of 1. 4 
VII. DETECTION EFFICIENCY
The detection efficiency for the process e + e − → ηπ + π − has been found from corresponding MC simulation using the following formula:
where N MC is the initial number of e + e − → ηπ + π − events generated with the MC simulation and N ′ MC is the number of e + e − → ηπ + π − events extracted from the fit to the two-photon invariant mass spectrum. To take into account the difference between the experimental data and the simulation, a set of corrections is applied to the detection efficiency found from the e + e − → ηπ + π − MC simulation. The corrected detection efficiency has been calculated using the following formula:
where δ trigg is the correction for trigger, δ π is the correction for charged pions, δ γ is the correction for photons and δ χ 2 is the correction, which takes into account a difference between the χ 2 value of the kinematic fit distributions in data and the e + e − → ηπ + π − MC simulation. The energy dependence of the MC and corrected detection efficiencies is shown in Fig. 6 .
Events are recorded when a signal from at least one of the two independent trigger systems is detected. One of these systems, the charged trigger, uses information from the tracking system only, while the second one, referred to as the neutral trigger, is based on information from the electromagnetic calorimeter only. The efficiencies of charged, ε CT , and neutral, ε NT , triggers can be calculated using the following relation:
where N CN is the number of events with the simultaneous signals from the charged and neutral triggers, N C is the number of events with signals from the charged trigger only and N N is the number of events with signals from the neutral one only. The trigger efficiency correction, δ trigg , can be calculated using the trigger efficiencies in the following way:
The typical values of the trigger efficiency correction at √ s > 1. 35 GeV are about (−0.9 ± 0.1)% and (−1.0 ± 0.1)% for the 2011 and 2012 data samples, respectively, while at √ s ≤ 1.35 GeV they are (−3.8 ± 0.9)% and (−3.4 ± 0.7)%. The typical value of the trigger efficiency correction for the 2017 data sample is (−0.58 ± 0.06) . The correction, which takes into account a difference between the χ 2 value of the kinematic fit distributions for the experimental data and the simulated e + e − → ηπ + π − events, has been calculated using the numbers of e + e − → ηπ + π − events in two statistically independent regions: χ 2 π + π − γγ < 30 and 30 ≤ χ 2 π + π − γγ < 50:
where N is the number of events in the region χ The charged-pion detection-efficiency correction, δ π , has been calculated using the following relation:
where the sum is taken over events from the e + e − → ηπ + π − MC simulation, N MC is the number of simulated
is the number of π ± tracks with the polar angle equal to θ π ± in the case, when the second track hits the barrel part of the electromagnetic calorimeter. The superscripts data and MC correspond to the experimental and simulated e + e − → ηπ + π − events. The N MC π ± (θ π ± ) distribution is normalized to the number of events in the N data π ± (θ π ± ) distribution inside the polar angle region corresponding to the barrel part of the calorimeter. Since the reconstruction efficiency for the second track is close to 99% [31] , the ratio of the number of events N data
, where ε π ± is the π ± reconstruction efficiency. The typical values of this correction are about (−6 ± 6)%, (−9 ± 6)% and (−20 ± 4)% for the 2011, 2012 and 2017 data samples, respectively.
The photon detection efficiency correction, δ γ , has been calculated using the ratio of the reconstruction efficiencies of photons in data and simulation, ε
where the sum is taken over events from the e + e − → ηπ + π − MC simulation. The typical value of this correction is about (−0
events have been calculated as the following ratio:
where N γ 1 is the number of events where only one photon has been detected in the barrel part of the calorimeter and N γ 2 is the number of events with two photons detected: one of them in the barrel part of the calorimeter and the second one in the polar angle θ.
VIII. RESULTS AND DISCUSSION
The visible cross section at each c.m. energy has been calculated using the following formula:
where N is the e + e − → ηπ + π − yield and L int is an integrated luminosity. The integrated luminosity at each c.m. energy has been measured using the e + e − → e + e − events [32] . The visible and Born cross sections are related by the following equation [26] :
where σ vis and σ B are the visible and Born cross sections, respectively. Here F (x, s) is the initial-state radiation (ISR) kernel function, ε(x, s) is the detection efficiency, which depends on the fraction of energy carried away by an ISR photon, m π and m η are masses of the π meson and η meson, respectively. The detection efficiency for events of the e + e − → ηπ + π − MC simulation at each c.m. energy can be written in the following form: Eq. (12) allows us to rewrite the Eq. (11) in terms of the detection efficiency at each c.m. energy:
The Born cross section at each c.m. energy in data has been found by solving this integral equation. For this goal, the unknown Born cross section has been interpolated with first-order polynomials from one c.m. energy point to the next one, so the coefficients of the interpolation polynomials linearly depend on the Born cross section at each c.m. energy. Since the integral in the Eq. (13) can be calculated at each c.m. energy after the interpolation procedure, we can rewrite the Eq. (13) as follows: 
where Λ is a diagonal inverse error matrix for the visible cross section. The c.m. energy, e + e − → ηπ + π − Born cross section, e + e − → ηπ + π − yield, detection efficiency and integrated luminosity are listed in Table I . In order to compare the result of the e + e − → ηπ + π − cross section measurement with the previous measurements, we combine the close c.m. energy points in the cross section measured with the CMD-3. The corresponding energy dependence of the e + e − → ηπ + π − Born cross section is shown in Fig. 7 . The e + e − → ηπ + π − cross section values at the combined c.m. energy points are also listed in Table II. The total systematic uncertainty of the Born cross section is about 6.0% and consists of the contributions from the following sources: the detection efficiency (5.7%), the uncertainty of the radiative correction [26] (0.1%), the uncertainty on the integrated luminosity (1%), and the uncertainty of the Born cross section numerical calculation (1%). The systematic uncertainty on the detection efficiency includes the following contributions:
• trigger efficiency,
• the requirement on χ 2 of the kinematic fit,
• charged pion reconstruction efficiency,
• photon reconstruction efficiency,
• the systematic uncertainty due to use of the e + e − → ηπ + π − cross section measured with the BaBar for MC simulation of the studied process.
The trigger efficiency uncertainty (0.1-0.9%) has been estimated as the error of the fit assuming a constant function for the energy dependence of the trigger efficiency correction, δ trigg . The uncertainty related to the requirement on χ 2 of the kinematic fit (1.1%) has been estimated as the error of δ χ 2 obtained using Eq. (6) and two statistically independent χ 2 regions, χ 2 < 30 and 30 < χ 2 < 50. The uncertainty of the reconstruction efficiency for charged pions (5.6%) has been estimated as the maximum uncertainty for all c.m. energy points given by the uncertainty propagation formula, applied to Eq. (7).
The uncertainty of the reconstruction efficiency for photons (0.2%) has been estimated as the maximum uncertainty for all c.m. energy points given by the uncertainty propagation formula, applied to Eq. (8) .
The uncertainty due to use of the e + e − → ηπ + π − cross section measured with the BaBar to simulate ISR has been estimated as the relative difference of detection efficiencies in cases of using e + e − → ηπ + π − cross sections measured with the BaBar and the CMD-3 in MC simulation. The value of this uncertainty (0.4%) appears to be less than its statistical error (1.2%) and is neglected.
The uncertainty related to the shape of the background distribution in two-photon invariant mass spectra has been estimated as the relative difference between the e + e − → ηπ + π − yields, (N 2 −N 1 )/N 1 = (0.5±1.4)%, found from the fit to two-photon invariant mass spectra using two different background distribution functions. The first function is a first-order polynomial, the second one is the background distribution taken from multihadron MC simulation [28] . The difference between the e + e − → ηπ + π − yields corresponding to these background hypotheses is found to be statistically insignificant and neglected.
The uncertainty of the Born cross section numerical calculation has been estimated using the following formula:
where the matrix A has been taken from Eq. (14), σ 
where a relatively big uncertainty at c.m. energies √ s ≤ 1.35 GeV is due to the unknown threshold behavior of the cross section.
The sources of the systematic uncertainty and their contributions are listed in Table III . The function used for the parametrization of the e + e − → ηπ + π − Born cross section in the VMD model contains contributions of several isovector resonances ρ(770), ρ(1450), ρ(1700) that decay to the ηρ(770) final state [34] (an isoscalar one is suppressed by G-parity conservation):
where m ρ(770) is the ρ(770) mass, Γ ρ(770) (q 2 ) is the energy-dependent ρ(770) width, q 2 is the square of π + π − invariant mass and the form factor F (s) corresponds to the transition γ * → ηρ(770):
The following formula describes the energy dependence of the ρ(770) width:
where p 2 π (q 2 ) is the momentum of each pion from ρ(770) → π + π − :
The following formula is used to describe energy dependences of the ρ(1450) and ρ(1700):
where V ′ is ρ(1450) or ρ(1700), Γ V ′ →π + π − (s) is the energy-dependent V ′ → π + π − decay width, Γ V ′ →ωπ 0 (s) is the energy-dependent V ′ → ωπ 0 decay width and Γ V ′ →4π is the energy-dependent V ′ → 4π decay width. The energy dependence of the V ′ → π + π − decay width has been described using the following formula:
where
is the branching fraction of the V ′ → π + π − decay. The energy dependence of the V ′ → ωπ 0 can be written in the following form:
where p ω is the momentum of each particle from the final state of V ′ → ωπ 0 decay in the c.m. frame:
The energy dependence of the V ′ → 4π decay width can be estimated using phase space:
where Φ 4π is the phase space of 4π. The functions C VPP (s), C VVP (s) and C 4π (s) are the corresponding BlattWeisskopf barrier factors:
, where the effective interaction radius, r 0 , has been taken equal to 2.5 GeV −1 . Typical values of r 0 used in other papers are 2-4 GeV −1 [35, 36] . According to Ref. [37] there are the following relations between the different ρ(1450) and ρ(1700) decay modes:
and taking into account that the decay ρ(1700) → ωπ is not seen [37] , we estimate B(
and B(V ′ → 4π) branching fractions as follows: The results of the fits are presented in Table IV and shown in Fig. 8 . The fits within the model, where the ρ(1700) contribution is taken into account, have a better quality than those within the model without the ρ(1700) contribution.
Using parameters Γ(ρ(1450) → e + e − )B(ρ(1450) → ηπ + π − ) and Γ(ρ(1700) → e + e − )B(ρ(1700) → ηπ + π − ) instead of parameters g ρ(1450) and g ρ(1700) and the relation
we perform fits in the models 1-4. The integral I has been defined in Eq. (18), V ′ is ρ(1450) or ρ(1700), Γ V ′ is width of V ′ at V ′ mass, m V ′ . The fit results for the Γ(ρ(1450) → e + e − )B(ρ(1450) → ηπ + π − ) and Γ(ρ(1700) → e + e − )B(ρ(1700) → ηπ + π − ) products are presented in Table V and Table VI 
The calculation of the τ − → ηπ − π 0 ν τ branching fraction using the CMD-3 data leads to the following result:
where the first uncertainty is statistical and the second is systematic. This result can be compared with the world average value 0.139 ± 0.01 % [37] , the BaBar result 0.163 ± 0.008 % [12] , the SND result 0.156 ± 0.004 ± 0.010 % [1] and with the CVC result 0.153 ± 0.018 % based on the earlier e + e − → ηπ + π − data [40] .
IX. SUMMARY
The e + e − → ηπ + π − cross section has been measured with the CMD-3 detector in the c.m. energy range 1.2-2.0 GeV using the η decay mode η → γγ. The obtained result confirms previous e + e − → ηπ + π − cross section measurements.
The internal structure of the ηπ + π − final state has been studied. It has been confirmed that the ηρ(770) intermediate state is dominant.
The fit of the e + e − → ηπ + π − cross section data has been performed within the two models. One of them includes contributions of the ρ(770) → ρ(770)η and ρ(1450) → ρ(770)η intermediate mechanisms while the other one includes also a contribution of the ρ(1700) → ρ(770)η. It has been found that there are a few local minima of the fit to the cross section depending on the choice of initial fit parameters.
The products Γ(ρ(1450) → e + e − )B(ρ(1450) → ηπ + π − ) and Γ(ρ(1700) → e + e − )B(ρ(1700) → ηπ + π − ) corresponding to each model and fit local minima were also found. The results for these products are listed in Tables V, VI. The fits to the e + e − → ηπ + π − cross section data have been also used to calculate the τ − → ηπ − π 0 ν τ branching fraction under the CVC hypothesis. The τ − → ηπ − π 0 ν τ branching fraction predicted using the e + e − → ηπ + π − cross section data obtained with the CMD-3 detector agrees with the similar SND and BaBar predictions, and doesn't contradict the result obtained in the direct measurements.
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